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Class 1: A bird-eye view of deep learning
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• Classification/ 
regression

• Simulation
• Inverse design/ 

inverse problem
• Control/planning

Tasks

• Supervised learning
• Generative modeling
• Foundation models
• Reinforcement learning
• Evolutionary and multi-

objective optimization

Learning paradigm

×

Application (AI & Science)

• Robotics
• Games (e.g., Go, atari)

• Autonomous Driving
• PDEs

• Life science
• Materials science

• Multilayer perceptron
• Graph Neural 

Networks
• Convolutional Neural 

Networks
• Transformers

Neural architecture

×
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1.  Principle 1: Model a hard transformation by composing simple transformations:
• Multilayer Perceptron (MLP)
• Backpropagation

2. Principle 2: Directly optimizing the final objective using maximum likelihood 
and information theory:
• Maximum likelihood: MSE, uncertainty estimation
• Information: cross-entropy, Information Bottleneck

3. Optimization
• Adam: combining momentum and per-dimension magnitude
• SAM (sharpness-aware minimization):                      finds flat and robust minima 
• Federative learning: improves the data privacy by only sharing client models

Class 2: Deep learning fundamentals



Images and shapes generated by diffusion models:

By DallE 2 By MeshDiffusion [1]

[1] Liu, Zhen, et al. "Meshdiffusion: Score-based generative 3d mesh modeling." ICLR 2023 4

Generative modeling



Robotic policy by diffusion models [1]

[1] Fu, Zipeng, Tony Z. Zhao, and Chelsea Finn. "Mobile ALOHA: Learning Bimanual Mobile 
Manipulation with Low-Cost Whole-Body Teleoperation." arXiv preprint arXiv:2401.02117 (2024).
[2] OpenAI team. “Video generation models as world simulators”, 2024
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Text to video generation by Sora [2]

Generative modeling



• Generative models
• VAE
• GAN
• Energy-based models
• Diffusion models
• Flows

• Application of diffusion models/flows
• Image, video, and shape generation
• Simulation
• Inverse design/inverse problem
• Control/planning

• Sampling methods
• Inverse sampling, rejection sampling
• Importance sampling
• MCMC, HMC
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Outline



Generative models
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Preliminary: Jensen’s inequality

8

For a convex function �(�), given � ∈  0,1 , we have:

� ��1 +  1 − � �2 ≤ �� �1 +  1 − � � �2 

More generally, let � be a random variable, we have
 � convex:     � � �  ≤ � �(�) 
 � concave:   � � �  ≥ � �(�) 
Equality holds when � �  is a linear function, or the variable � is a constant



Preliminary: KL divergence
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KL divergence measures how one probability distribution � is different from a second, 
reference probability distribution �.

�퐾� �||� = ��∼� �  log
� � 
� �  

Properties:
1. �퐾� �||� ≥ 0

2. When �(�) and � �  are identical, �퐾� �||� = 0

�: data; �: a model (typically) 
�퐾� �||� : The average difference of the number of bits required for encoding samples 
of � using a code optimized for � rather than one optimized for P



Preliminary: Proving non-negative of KL divergence
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�퐾� �||� 

= ��∼� �  −log
� � 
� �  

≥−log��∼� �  
� � 
� �  

=−log � � 
� � 
� � 푑�

= 0

Proving �퐾� �||� ≥ 0: 

� convex:   � � �  ≤ � �(�) 

−log  �  is a convex function

Equality holds when � � 
� �  is a constant, i.e., � � ≡ � � .



Generative models
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What makes a generative model?

Given many examples of the input �, learn a probability model ��(�) that can sample 
new instances of � that conform to the data distribution. 
• Sampling (required)
• Computing the probability of a sample (optional)

input �  ��(�) ?

• image
• video
• graph
• time series
• natural 

language
• …

Probability model



Generative models
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≥ ℒ �, �; �� ≔ log �� �� −�퐾� �� � �� ||�� � ��  

Generative model 1: Variational autoencoder
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Given  �� �=1
� , learn a probability model �� �  that maximizes the likelihood of data

log �� �� 

≥ 0

= ���(�|��) log �� �� �  −�퐾� �� � �� ||�� �  

= ���(�|��)  log
�� � �� �� � 
�� � �� 

 

= ���(�|��)  log
�� �� �� � �� 

�� � �� 
 

= ���(�|��) log �� ��  − ���(�|��)  log
�� � �� 
�� � �� 

 

�

�

�� � �� 

�� �� � 

�

ℒ �, �; ��  is called Evidence Lower BOund (ELBO)



log �� �� 

=log ��(�|��)
�� ��, � 
��(�|��)

푑�

= log��∼��(�|��)  
�� ��, � 
��(�|��)

 

≥ ��∼�� (�|��)  log
�� ��|� �� � 
��(�|��)

 

= ��∼��(�|��) log �� �� �  −�퐾� �� � �� ||�� �  

Variational autoencoder: From Jensen’s inequality
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Derivation using Jensen’s inequality

� concave:   � � �  ≥ � �(�) 

Equality holds when �� ��,� 
��(�|��)

= ��(��)
�� �|�� 
��(�|��)

 is a constant w.r.t. �, i.e.,  ��(�|��) ≡ �� �|�� 

�

�

�� � �� 

�� �� � 

�



Variational autoencoder: Properties
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• It can sample new examples of �
• Can learn structured latent representation, given 

prior knowledge of �� � 
• Cannot compute the likelihood of data

max
�,�

� �, � 
= ��∼��(�|��) log �� �� �  
−�퐾� �� � �� ||�� �  

�

�

�� � �� 

�� �� � 

�
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Generative model 2: Generative Adversarial Networks (GAN)
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We maximize the negative cross-entropy: 
max
��

� �� = ��∼�푑푎�푎 �  log ��  � = 1 �  + ��∼�푔�� �  log ��  � = 0 �  
= ��∼�푑푎�푎 �  �� �  + ��∼�푔�� �  1 − �� �  

We want to learn a classifier ��  � � =  
��  � = 1 � ≔ �� � ,         � = 1
��  � = 0 � ≔ 1 − �� � ,  � = 0 for true and fake data.

What if we also want to generate a distribution similar to �푑푎�푎 � ? 



Generative model 2: Generative Adversarial Networks (GAN)
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min
��

max
��

� ��, �� = ��∼�푑푎�푎 �  �� �  + ��∼�� �  1 − �� �� �   

data

��
��

�� matches data distribution
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Generative model 3: Energy-based models (EBM)
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�� � =
exp  − �� �  

��

• �� �  is an energy function that maps the input � to a scalar energy. 
The lower the �� � , the higher the probability �� � .

• �� =  exp  − �� �  푑� is a normalizing constant that is intractable.



Energy-based model: Inference 
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��+1 ← �� −
�
2
∇��� � + ���

where �� ∼ � �, � ,  � = 1,2,…퐾

Stochastic Gradient Langevin Dynamics:
Energy landscape �� � 

Essentially: gradient descent with noise on 
the learned energy function �� � .

When � → 0,  퐾 →+∞, the generated samples 
converge to �� � =

exp  − �� �  
��



Energy-based model: Training with contrastive divergence 

22

∇� −log �� �  = ∇��� � + ∇� log ��
= ∇��� � − ��∼�� �  ∇��� �  

Contrastive divergence:

energy for data samples energy for negative samples 
(generated by �� � )

Energy landscape �� � 

Push down energy for 
data samples 

Push up energy for 
negative samples 



Energy-based model: Relation to GAN
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∇� −log �� �  = ∇��� � + ∇� log ��
= ∇��� � − ��∼�� �  ∇��� �  

EBM:

energy for data samples energy for negative samples 
(generated by �� � )

min
��

max
��

� ��, �� = ��∼�푑푎�푎 �  �� �  + ��∼�� �  1 − �� �� �   
GAN:

GAN can be think of as a kind of EBM where the discriminator �� �  is both used for 
discrimination as �� �  and generation as �� � .



Energy-based model: Compositional generation 
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Let �1 � ∝ �−�1 � , �2 � ∝ �−�2 � 

⇒ �1 � �2 � ∝ �− �1 � + �2 �  

Product of probability corresponds to summation of the respective energy functions [1].

[1] Du, Yilun, Shuang Li, and Igor Mordatch. 
"Compositional visual generation with energy based 
models." NeurIPS 2020: 6637-6647.

⇒  Allows inference-time generalization
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Generative models
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Insight: to construct a complex mapping from A to B, it is much easier to 
compose simple mappings

Gaussian distribution data distributiondiffusion model
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Each data sample is a point 
in a manifold in a high-
dimensional space �푑

Diffusion model learns how to 
go from a random Gaussian 
sample to manifold

Generative model 4: Diffusion model



Diffusion model: Encoder
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Recall VAE:

ELBO = ���(�|�) log �� � �  −�퐾� �� � � ||�� �  

�

�

�� � � 

�� � � 

�

VAE� 0 

�(1)

…
� � 

�(0)

…

�(1)

�

DDPM

Let �≔ � 1:� , we define a unlearnable encoder:

� � � 0  = � � 1:�  � 0  = 
�=1

�

� � � |� �−1  

where � � � |� �−1  = � � � ; 1 − ��� �−1 , ��� 



Diffusion model: Decoder
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�

�

�� � � 

�� � � 

�

� 0 

�(1)

…
� � 

�(0)

…

�(1)

�

VAE

DDPM

We define a learnable decoder: 

�� � 0 , � = � � �   
�=1

�

�� � �−1 |� �  

where �� � �−1 |� �  = � � �−1 ; �� � � , � , ��� 
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Denoising Diffusion Probabilistic Models (DDPM) [1]

Training: 

� 0  adding � steps of noise

Inference (sampling):

denoise step-by-step
∇� � − �� ��� 0 + 1 − ���, �  

Maximizing the ELBO is equivalent to minimizing:
� = ��∼� �,�   � − �� ��� 0 + 1 − ���, �   

� �−1 

[1] Ho, Jonathan, Ajay Jain, and Pieter Abbeel. "Denoising 
diffusion probabilistic models." NeurIPS 2020: 6840-6851.



DDPM as Energy-based model
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Diffusion model essentially learns a 
“energy”-based model �� �; �  to 
model the probability distribution

�� �; � =
1
��
�−�� �;� 

The denoising function ��(�(�), �) is 
essentially the gradient of the energy-
based model: 
�� � � , � = ∇��� �; � =− ∇� log �� �; � 

� 0 =argmin� �� �; � 



DDPM: Classifier-based conditional generation 

Increasing log �� � �; � 

Only training �� �; �  Adding it during inference

32

� 0 =argmin�  �� �; � −log �� � �  
Suppose that we have trained
� � � , and want to generate
� � � .

Bayes rule:

� � �; � =
� �; � � � � 

� �; � 

We have
    ∇� log �� � �; � 
= ∇� log �� �; � + ∇� log �� � � 
=− ∇��� �; � + ∇� log �� � � 



DDPM: Classifier-based conditional generation 

Increasing log �� � �; � 

Only training �� �; �  Adding it during inference
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� 0 =argmin�  �� �; � −log �� � �; �  In inference:

� �−1 

=
1
��
 
 
  � � −

1 − ��
1 − ��

 �� � � , � − ∇� log �� � � �    
 
  

+ ���

Adding classifier-based guidance



DDPM: Classifier-based conditional generation 
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Classifier-based generation on ImageNet [1]

[1] Du, Yilun, et al. "Reduce, reuse, recycle: Compositional generation 
with energy-based diffusion models and mcmc." ICML 2023

Label �



DDPM: Classifier-based inverse design

Decreasing �(�)

Only training �� �; �  Adding it during inference

35

� 0 =argmin�  �� �; � + � �  
Suppose we have pre-specified inverse-
design objective � �  we want to minimize:

� �−1 

=
1
��
 
 
  � � −

1 − ��
1 − ��

 �� � � , � + ∇�� �   
 
  

+ ���

Adding guidance

E.g. shape design of the airplane to minimize drag
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Can only sample �, cannot 
compute exact probability �� � 



Generative models
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Flow: Normalizing flow

Given prior density �� �  and an invertible function �,
� = � � , we have
 �� � 푑� =  �� � 푑� = 1
⇔ �� � 푑� = �� � 푑�

⇔ �� � = �� �  
푑�
푑�
 
−1

= �� �  
푑�(�)
푑�
 
−1

Generalizing to multivariate varables � and �, we have

log �� � =log �� � −log det
��(�)
��

The probability mass is conserved under change of variable 
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Flow: Normalizing flow

� �

Normalizing direction

Generation direction

�0�1 �0�1�2��

�0
−1�1

−1�2
−1��

−1

� = ��… ∘ �2 ∘ �1 ∘ �0

Normalizing flow �� � 
• ��: an invertible, differentiable function
• �� � : real data
• �0(�): prior, e.g. Gaussian

��

log ��+1 � =log �� � −log det  
��� � 
��
 , � = 1,2…�

Design the layers �� in a way that is invertible and easy to compute det  ��� � 
��
 , 

e.g., upper triangular

…

…
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Neural ODE: Continuous normalizing flow [1]

� �

Normalizing direction

Generation direction

�0�1 �0����+푑��1

�0
−1��−1��+푑�

−1�1
−1

� = �1… ∘ ��+푑� ∘ �� ∘…�0

�1

Making the layers �� continuous w.r.t. �
 
 
 

 
 

푑��(�)
푑�

= ��(�� � ; �)
�0 � = �

• The flow �� is an transformation on the variable � at layer � ∈  0,1 .
• �� ⋅ , �  is a field that determines the dynamics of the flow �� w.r.t. �.
• The flow �� �  uniquely defines a probability density path �� � = �� ∘

��−푑� ∘… ∘ �0 �0 � =  �� �0 � 

…

…

…

…

[1] Chen, Ricky TQ, et al. "Neural ordinary differential equations." NeurIPS 2018

Vector field ��(�; �) flow ��

determines
Probability path �� = [��]∗�0

generates
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Neural ODE: Continuous normalizing flow, learning

� �

Normalizing direction

Generation direction

�0�1 �0����+푑��1

�0
−1��−1��+푑�

−1�1
−1

� = �1… ∘ ��+푑� ∘ �� ∘…�0

�1

Making the layers �� continuous w.r.t. �

…

…

…

…

[1] Chen, Ricky TQ, et al. "Neural ordinary differential equations." Advances in 
neural information processing systems 31 (2018).

How to learn �� ⋅ ; �  such that it can transform a prior distribution 
�0 �  to a target distribution �푑푎�푎 �  specified by samples  �� �=1

� ?

Adjoint method (simulation-based): Generalizing gradient descent, 
where the gradient w.r.t. � is another ODE from � = 1 to � = 0.

It is computationally expensive!

 
 
 

 
 

푑��(�)
푑�

= ��(�� � ; �)
�0 � = �
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Flow matching [1]

� �

Normalizing direction

Generation direction

�0�1 �0����+푑��1

�0
−1��−1��+푑�

−1�1
−1

� = �1… ∘ ��+푑� ∘ �� ∘…�0

�1

Making the layers �� continuous w.r.t. �

…

…

…

…

[1] Lipman, Yaron, et al. "Flow matching for generative modeling." ICLR 2022

�퐹� � = ��,�� �   �� �� � ; � − �� �  2 

Given a target path �� �  and a corresponding vector field �� � , we can directly regressing:  

 
 
 

 
 

푑��(�)
푑�

= ��(�� � ; �)
�0 � = �

The problem is that we only have data  �� �=1
�  and do not have �� �  nor �� � .   
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Flow matching

ℒ퐶퐹�(�) = ��∼� 0,1 ,�1~�푑푎�푎(�1),�∼�� �|�1  �� �; � − �� �|�1  2

Proposition: ∇�ℒ퐹� � = ∇�ℒ퐶퐹� � 

Vector field ��(�|��) flow ��

determines

probability path �� � �1 =  �� ∗�0 � 
generates

We consider �� � �1 , where �1 ∼ �푑푎�푎(�) 

�� � =  �� � �1 �푑푎�푎 �1 푑�1

The target distribution �� �  is a weighted sum of 
the conditional distribution �� � �1   

�� � =  �� � �1 
�� � �1 �푑푎�푎 �1 

�� � 
푑�1

The target vector field �� �  is a weighted sum of 
the conditional vector field �� � �1 
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Flow matching

We can then explicitly design the vector field ��(�|�1), e.g., using optimal transport (OT):

��(�|�1)�� � � ; � 
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Flow matching [1]
ℒ퐶퐹�(�) = ��∼� 0,1 ,�1~�푑푎�푎(�1),�∼�� �|�1  �� �; � − �� �|�1  2

Proposition: ∇�ℒ퐹� � = ∇�ℒ퐶퐹� � 

Target Gaussian path 
�� � �1 = � � �� �1 ,  �� �1 2� 

• �0 � �1 = � � = �(�|0, �)
• �1 �1 = �1, �1(�1) ≈ 0

�� �; �1 = �� �1 � + �� �1 

�� �|�1 =
��′ �1 
�� �1 

(� − �� �1 ) + ��′ �1 

determines ODE: 푑��(�)
푑�

= ��(��(�)|�1)

generates



• Generative models
• VAE
• GAN
• Energy-based models
• Diffusion models
• Flows

• Application of diffusion models/flows
• Image, video, and shape generation
• Simulation
• Inverse design/inverse problem
• Control/planning

• Sampling methods
• Inverse sampling, rejection sampling
• Importance sampling
• MCMC, HMC
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Images and videos generated by diffusion models:

By DallE 2 [1]

49

Application 1.1: image and video generation

Text to video generation by Sora [2]

[1] Ramesh, Aditya, et al. "Hierarchical text-conditional image generation with clip 
latents." arXiv preprint arXiv:2204.06125 1.2 (2022): 3.
[2] OpenAI team. “Video generation models as world simulators”, 2024
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Application 1.2: 3D shape generation

By MeshDiffusion [1]
[1] Liu, Zhen, et al. "Meshdiffusion: Score-based generative 3d mesh modeling." ICLR 2023
[2] Liu, Zhen, et al. "Ghost on the Shell: An Expressive Representation of General 3D 
Shapes." ICLR 2024

By G-Shell [1]



ut: original state（状态）of the system. Can be a graph (e.g., mesh, particle-based systems, 
molecules), a tensor, or an infinite-dimensional function �(�, �) as solution to a PDE 

u0 u1 u2 uT…

푎: static parameters（静态参数） of the system that does not change with time       
    (e.g. parameters of PDE, spatially varying diffusion coefficient)

PDE: partial differential equation
ODE: ordinary differential equation

 : boundary condition（边界条件） of the system

: neural surrogate models（神经网络代理模型）

?

Goal: learn the mapping �� from �� to ��+1:

�0, 푎, �� �1, 푎, �� �2, 푎, �� ��−1, 푎, ��

��: external control（外界控制）

푙표�� = � ��� �� �� , ��+1  

51

Task 2: (Learning) simulation



u0 u1 u2 uT…

�0, 푎, �� �1, 푎, �� �2, 푎, �� ��−1, 푎, ��

ut: original state of the system. Can be an infinite-dimensional function �(�, �)  
     as solution to a PDE, or a graph (e.g., mesh, particle-based systems, molecules)

푎: static parameters（静态参数）of the system that does not change with time       
    (e.g. parameters of PDE, spatially varying diffusion coefficient)

 : boundary condition（边界条件）of the system

: neural surrogate models

��: external control（外界控制）

?

Objective[u[0,T], m[0,T]]Optimize the control and design variables

52

inverse design
（反向设计）

control（控制）

Tasks 3 & 4: Inverse design, inverse problem, and control
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• Inverse design: boundary ��, initial condition �0,  parameter 푎 to optimize design objective: plane 
design, rocket shape, underwater robot shape

• Inverse problem : infer initial condition �0 or parameter 푎 to match prediction with observation

• Control：optimize control �� to optimize control objectives: controlled nuclear fusion, robotics 

Tasks 3 & 4: Inverse design, inverse problem, and control
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For simulation（仿真）：

[1] Cachay, Salva Rühling, et al. "DYffusion: A Dynamics-informed Diffusion Model for 
Spatiotemporal Forecasting." NeurIPS 2023, arXiv preprint arXiv:2306.01984 (2023).

Learn � �[1,�]|�0 :

Application 2.1: Simulation for PDE
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Physics-informed diffusion models:

Key idea: using the PDE residual as additional term for the objective �(�).

[1] Shu, Dule, Zijie Li, and Amir Barati Farimani. "A physics-informed diffusion model for 
high-fidelity flow field reconstruction." Journal of Computational Physics 478 (2023): 
111972.

Application 2.2: Physics-informed simulation

� 0 =argmin�  �� �; � + � �  

Equation loss
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Application 2.3: Molecular dynamics simulation [1]

[[1] Wu, Fang, and Stan Z. Li. "DIFFMD: a geometric diffusion 
model for molecular dynamics simulations." AAAI 2023



Application 3.1: Inverse problem
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Given sparse observations, infer the full state, or parameters 푎  

Holzschuh, Benjamin, Simona Vegetti, and Nils Thuerey. "Solving Inverse 
Physics Problems with Score Matching." NeurIPS 2023



�[0,�]: state sequence

�: boundary condition

?

Objective
Optimize the design variables

?

Treat all the variables as a single variable  � 0,� , �  and learn to generate 
simultaneously
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Application 3.2: inverse design
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Application 3.2: Compositional inverse design: definition

Given objective � � � ,  � , find design parameters � that minimize �, where 
the parameters � and/or the state � are more complex than in training. 

For example:
Training: we only see how the fluid interacts with 
each part of the airplane 

Test: design the whole airplane shape



Application 3.2: CinDM method [1] Wu, Tailin, et al. “Compositional Generative Inverse Design.” 
ICLR 2024 spotlight

decreasing �

�[0,�]: state sequence
�: boundary condition

Training: only learn �� Inference: have an additional objective �

60

In inference, can also compose 
multiple �� on subsets of variables 



Training: consider a single airfoil interacting with the air flow
Inference: consider multiple airfoils, maximize life-to-drag ratio:（= 푙���

푑푟푎푔
）

Compositional design results of our method in 2D airfoil generation. 
Each row represents an example. We show the heatmap of velocity in 
horizontal and vertical direction and pressure in the initial time step, 
inside which we plot the generated airfoil boundaries.

 Example of Lily-Pad simulation
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Application 3.2: CinDM method, part-to-whole generalization



Our model discovers formation flying（编队飞行）
• Reducing the drag by 53.6%
• increasing the lift-to-drag ratio by 66.1%
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Application 3.2: CinDM method, part-to-whole generalization
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Application 3.3: Protein design

[1] Watson, Joseph L., et al. "De novo design of protein structure and 
function with RFdiffusion." Nature 620.7976 (2023): 1089-1100.

De novo protein design [1]:
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Application 4.1: Planning [1]

For agent interacting with an environment with action sequence  푎� , envionrment state  �� :

[1] Janner, Michael, et al. "Planning with diffusion for flexible 
behavior synthesis." ICML 2022
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Application 4.2: Diffusion Policy [1]

For agent interacting with an environment with action sequence  푎� , envionrment state  �� :

[1] Chi, Cheng, et al. "Diffusion policy: Visuomotor policy 
learning via action diffusion." arXiv preprint 
arXiv:2303.04137 (2023).
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Other applications
• Algorithm: Diffusion models as plug-and-play priors, NeurIPS 2022
• Finetuning: ControlNet: Adding Conditional Control to Text-to-Image Diffusion Models 
• Inpainting: RePaint: Inpainting using Denoising Diffusion Probabilistic Models
• Graph generation: Autoregressive Diffusion Model for Graph Generation, ICML 2023
• Antibody generation: Antigen-Specific Antibody Design and Optimization with Diffusion-Based 

Generative Models for Protein Structures, NeurlPS 2022
• Material generation: Crystal Diffusion Variational Autoencoder for Periodic Material Generation, 

ICLR 2022
• Composing video sequences: Synthesizing Long-Term Human Motions with Diffusion Models via 

Coherent Sampling
• Point cloud generation: Point-E: A System for Generating 3D Point Clouds from Complex Prompts

Faster diffusion (1-8 steps):
• Progressive distillation for fast sampling of diffusion models, ICLR 2022
• On distillation of guided diffusion models, CVPR 2023
• SnapFusion: Text-to-Image Diffusion Model on Mobile Devices within Two Seconds, NeurIPS 2023

https://arxiv.org/abs/2206.09012
https://arxiv.org/abs/2302.05543
https://arxiv.org/abs/2201.09865
https://proceedings.mlr.press/v202/kong23b.html
https://proceedings.neurips.cc/paper_files/paper/2022/hash/3fa7d76a0dc1179f1e98d1bc62403756-Abstract-Conference.html
https://arxiv.org/abs/2110.06197
https://arxiv.org/abs/2308.01850
https://arxiv.org/abs/2212.08751
https://arxiv.org/abs/2202.00512
https://arxiv.org/abs/2210.03142
https://snap-research.github.io/SnapFusion/


• Generative models
• VAE
• GAN
• Energy-based models
• Diffusion models
• Flows

• Application of diffusion models
• Image, video, and shape generation
• Simulation
• Inverse design/inverse problem
• Control/planning
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Summary
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Useful materials

• Diffusion models (DDPM): "Denoising diffusion probabilistic 
models." NeurIPS 2020

• DDPM tutorial: https://lilianweng.github.io/posts/2021-07-11-diffusion-
models/ 

• DDPM code: https://github.com/lucidrains/denoising-diffusion-pytorch 
• Flow matching: "Flow matching for generative modeling." ICLR 2022

https://arxiv.org/abs/2006.11239
https://lilianweng.github.io/posts/2021-07-11-diffusion-models/
https://github.com/lucidrains/denoising-diffusion-pytorch
https://arxiv.org/abs/2210.02747


• Generative models
• VAE
• GAN
• Energy-based models
• Diffusion models
• Flows

• Application of diffusion models/flows
• Image, video, and shape generation
• Simulation
• Inverse design/inverse problem
• Control/planning

• Sampling methods
• Inverse sampling, rejection sampling
• Importance sampling
• MCMC, HMC
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Outline



Sampling

• Given an expression of a probability distribution � � = 퐶� �  with an 
unknown normalizing constant 퐶
• How to generate samples from � � ?
• or how to estimate ��∼� �  � �   for a given � � ?
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• Why is it difficult?
• � can be high-dimensional
• � can have multiple modes that are far away



Why Sampling Methods

• Monte Carlo methods
– Approximation of Integrals, expectations...

• Exploring data distributions
– empirical distribution of a dataset can be explored through sampling

• Bayesian inference
• Generation of new data

– GANs, VAEs, Diffusion models...
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Sampling Methods in This Lecture

• Sampling from low dimensional distribution
• Inverse sampling, rejection sampling, importance sampling 

• Markov Chain Monte Carlo: sampling from high dimensional distribution 
• Metropolis, Hamiltonian Monte Carlo

• Langevin sampling
• Kernelized Stein Discrepancy (KSD) and Stein Variational Gradient 

Descent (SVGD) 
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Motivation: Monte Carlo Methods
• Goal

– Estimate the expectation of a function � �  with respect to a probability distribution � � 
�[�] =  � � � � d(�)

– Assumption: �[�] is too complex to be evaluated exactly using 
    analytical techniques 

• Monte Carlo Methods
– Draw samples {�1,  ⋯, ��} independently from � � 
– Convert �[�] to an empirical form

• �[�] = �[�]: � is an unbiased estimation of �[�]

• var � = 1
�
�  � − � �  2 : independent of the dimensionality of �

• The problem is: how to draw samples from a distribution �(�)?
– � �  is explicitly defined by a probability density function (PDF)
– � �  is implicitly represented by data
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� =
1
�
 

푙=1

�
� �푙 



How to Sample  From a  Given D istribution

• Inverse sampling
• Rejection sampling
• Importance sampling
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�

�

�

�

�

�

Easy Complex



Inverse Sampling

• Assumption: we already can sample from uniformly distribution � 0,1 
• Cumulative distribution function (CDF)

For a random variable �with PDF � � , its CDF ℎ �  is defined as
ℎ � = � � ≤ � =  −∞

� � � d�

Property: If ℎ is strictly increasing and continuous, then ℎ is invertible.
• Algorithm:

– Step1: sample a � from � 0,1 
– Step2: compute � = ℎ−1(�)

– return �
• Proposition: if  � is a uniform random variable on � 0,1 , then ℎ−1 �  has ℎ as its CDF
• Proof:

– � ℎ−1 � ≤ � = � � ≤ ℎ(�) = ℎ(�) 75

�

� � ≡ 1



• Gaussian distribution

PDF: � � = 1

2��2
�−
 �−� 2

2�2

CDF: ℎ � = Φ  �−�
�
 , Φ � =  −∞

� �−�
2/2d�

Inverse Sampling

• Exponential distribution
PDF: � � = ��−��,  0 ≤ � < ∞
CDF: ℎ � = 1 − �−��,  ℎ−1 � =− �−1ln(1 − �)
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PDF CDF



Rejection Sampling
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• Assumption: 
• It is difficult to directly sample from � � , but easy to evaluate unnormlized � �  for any given z 
• We have a proposal distribution � � , easy to sample from � � 
• There exist a constant �, s.t. �� � ≥ �(�) for all �

•  Algorithm
• Step1: sample �0 from � � 
• Step2: sample �0 from �(0, ��(�0))
• Step3: Comparison:

• If �0 > � � , reject and go back to Step 1
• Otherwise, accept �0

• Ratio of Success� 푎푐푐��� =   � � /��(�) � � 푑� =
1
�
 � � d� =

퐴푟�푎�ℎ���

퐴푟�푎�ℎ���∪�푟�� 

accept

reject

Thus k should be as small as possible to maximize � 푎푐푐��� , but should satisfy �� � ≥ �(�) for all �   



Adaptive Reject ion Sampling
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• Some time, such a uniform proposal distribution � �  is difficult to determine 
• Assumption: 

• � �  is log concave,i.e., derivatives of ln� �  is nonincreasing
• Adaptive proposal distribution � � :

� � = �����−��(�−��−1),  ��−1 < � ≤ ��  
• ln� �  is piecewise linear
• � = {��} are grid points including rejected points

• Algorithm:
• Initialize � �  and �
• For � = 1,2,…� 

• Sample ��  from � � 
• If �� is rejected, � = � ∪ ��, update � � ; Other accept �� 

ln� � 



Adaptive Reject ion Sampling
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• Performance in high-dimensional distribution
• Dimension: �
• � �  follows �(0, ��2�) 
• Envelope � �  follows �(0, ��2�), ��2 ≥ ��2

• To satisfy �� � ≥ �(�) for all �, the optimal

•  � =  ��
��
 
�

 acceptance rate∝ 1
�
=  ��

��
 
�
→ 0, as � → ∞ 

�� � 

� � 

Drawback of rejection sampling: has very low efficiency in high-dimensional cases



Importance Sampling
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• Goal: estimate �[�] =  � � � � d(�)
• Assumption: 

• It is difficult to directly sample from � � , but easy to evaluate �(�) for any given � 
• We have a proposal distribution � � , easy to sample from � � 

• � � =  � � � � d � =  � � � � 
� � � � d � 

• Importance Sampling

• Drawback: potential to produce results that are arbitrarily in error. 
• Requirement for �(�): should not be small or zero in regions where �(�) is large

importance weights 



Importance Sampling

81

• Goal: estimate �[�] =  � � � � d(�)
• Relaxed Assumption: 

• It is difficult to directly sample from � � , but easy to evaluate unnormlized � �  for any given z 
• We have a unnormalized proposal distribution � � , easy to sample from � � 

• Importance Sampling

•  � � = �� (����표��), � � = �� (����표��), � � =
� � 
��

, � � = � � 
��

, 푟푙 =
� �(푙) 
� �(푙) 

where
~

~



Metropolis Algorithm
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• Goal: Sample effectively and efficiently from high dimensional distribution
• Assumption: 

• It is difficult to directly sample from � � , but easy to evaluate unnormlized � �  for any given z 
• Proposal distribution � �퐴|��  simple, e.g., Gaussian 
• Symmetry:� �퐴|�� = � ��|�퐴 

• Basic Metropolis Algorithm
• Sample �0 from � � 
• For �=1,2,...N

• Sample �� from � ��|��−1 

• Accept �� with probability 퐴 ��, ��−1 =min (1,
�(��)
�(��−1)

). If reject, set �� = ��−1
Property: If � �퐴|��  is positive for any values of �퐴 and ��, the distribution of �� tends to � �  as � → ∞ 
Drawback: random walk and low efficiency 



Markov chain Monte Carlo (MCMC) 
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• Markov Chain:
• A series of random variables {�1, ⋯, ��} that satisfies

� ��+1|�1, ⋯, �� = �(��+1|��) for 1 ≤ � ≤ �− 1

• Can be determined by
• probability distribution for the initial variable �(�0)
• transition probabilities �� ��, ��+1 = �(��+1|��). 

• Is called homogeneous if �� are same for all �.
• Property 1: Homogeneous Markov chain is ergodic, under some additional weak conditions

• Ergodic: For any initial distribution � �0 , we have �(��) converge to �∗(�) as � → ∞ 
• A distribution �∗ �  is called invariant (equilibrium) with a homogeneous Markov chain if it satisfies

 �∗ � = �′ �(�
′, �)�∗ �′ 

• Detailed Balance: �∗ � �(�, �′) = �∗ �′ �(�′)
• Property: A transition probability that satisfies detailed balance with respect to a �∗ will leave �∗ equilibrium

•   �′ �
∗ �′ � �′, � = �′ �

∗ � � �, �′ = �∗ �  �′� �, �′ =�
∗ �′ 



Metropol is-Hast ing Algor i thm
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• Assumptions: 
• It is difficult to directly sample from � � , but easy to evaluate unnormlized � �  for any given z 
• proposal distribution � �퐴|��  is simple, e.g., gaussian. Do not need to be symmetric.

• Metropolis-Hasting Algorithm
• Sample �0 from � � 
• For �=1,2,...

• Sample �� from � ��|��−1 

• Accept �� with probability 퐴 ��, ��−1 =min (1,
� �� � (��−1|��)
�(��−1)� (��|��−1)

) . If reject, set �� = ��−1

• �(�) is an invariant distribution of the Markov chain because 
      it satisfies the detailed balance condition 

transition 
probability

퐴 ��, ��−1 = 1 or 퐴 ��−1, �� = 1



Metropol is-Hast ing Algor i thm
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• Comparison 

Metropolis-HastingBasic Metropolis

• symmetric the proposal distribution 
limits the sampling efficiency 

• More flexible choice of the 
proposal distribution



Hamil tonian Monte Car lo:  Intro

[1] Reduce, Reuse, Recycle: Compositional Generation with Energy-Based Diffusion Models 
and MCMC. Yilun Du, Conor Durkan, Robin Strudel, Joshua B. Tenenbaum, Sander Dieleman, 
Rob Fergus, Jascha Sohl-Dickstein, Arnaud Doucet, Will Grathwohl. ICML 2023.
[2] Compositional Score Modeling for Simulation-Based Inference. Tomas Geffner, George 
Papamakarios, Andriy Mnih. ICML 2022. 
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Video: A comparison between MCMC and HMC

https://www.youtube.com/watch?v=Vv3f0QNWvWQ


Physical  analogy to HMC

A table tennis slides over a surface without friction, 
is stopped at some point in time and then kicked again in a random direction.
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Hamil tonian Dynamics

Hamiltonian �(x, v): the total energy of the system

Potential energy �(x)

Kinetic energy 퐾(v)

1. �(x, v) = �(x) + 퐾(v) = const         

2. Hamiltonian equations: 
 
 
 

 
 

푑x
푑�
= 푑퐾(p)

푑p
푑p
푑�
=− 푑�(x)

푑x

  p is the momentum 

3. �(x, v) ∝ ���(−�(x, v))
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Hamil tonian MC

�(x, v) ∝ ���(−�(x, v)) = ���(−(�(x) + 퐾(v)))

= ���(−(�(x) +
�v2

2
))

      = ���(−�(x))���(−
�v2

2
)

Let �(x) =− 푙표푔�1(x), then

�(x, v) ∝ �1(x)���(−
�v2

2
)

= �1(x)�2(v)

Let � = 1, then
�2(v)~�(0,1)
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Hamil tonian MC: a lgor i thm

1. Set t = 0, generate an initial position state x(0)

2. Repeat until � = �

- set � = � + 1

- sample a new initial velocity variable v from �(0,1)

– run Leap Frog algorithm starting at [x(�−1), v(�−1)] for � steps and stepsize � to obtain proposed 
states x∗ and v∗ 

– calculate the Metropolis acceptance probability:
          α = min(1, ���(−�(x∗) + �(x(�−1)) − 퐾(v∗) + 퐾(�(�−1))))

– draw a random number � from Unif(0,1).
if � ≤ � accept the proposed state position x∗ and set the next state in the Markov chain x(�) = x∗

else set x(�) = x(t−1)
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Example
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Example
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标题

Pros:
1. higher acceptance rate
2. 'price' of a single iteration is higher, but HMC is still significantly more efficient
Cons:
1. Note that HMC’s applications are limited to the case when gradient of �(x) exists and can be 
computed in reasonable time.
2. Still, HMC has problems with sampling from distributions with isolated local minimums.

Pros and Cons
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标题HMC wi th  Par t ia l  Momentum Ref reshment

94

At every step, the velocity is re-sampled. 

Sub-optimal?�

We can partially retain v.

Add an additional sampler parameter: damping-factor � ∈
[0,  1] which controls the amount to which v is retained. 



HMC wi th  Par t ia l  Momentum Ref reshment

1. Set t = 0, generate an initial position state x(0)

2. Repeat until � = �

- set � = � + 1

- sample a new initial velocity variable v from �(0,1)

– run Leap Frog algorithm starting at [x(�−1), �v(�−1) + 1 − �2v] for � steps and 
stepsize � to obtain proposed states x∗ and v∗ 
- v∗=− v∗

– calculate the Metropolis acceptance probability:
          α = min(1, ���(−�(x∗) + �(x(�−1)) − 퐾(v∗) + 퐾(�(�−1))))

– draw a random number � from Unif(0,1).
if � ≤ � accept the proposed state position x∗ and set the next state in the 

Markov chain x(�) = x∗, v(�) = v∗

else set x(�) = x(t−1), v(�) = v(t−1)

v(�) =− v(�) 
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Other Var iant

U-HMC: 
Do not need an explicit probability density function, the accept/reject step 
is simply ignored.

MCMC Variational Inference via Uncorrected Hamiltonian Annealing. Tomas 
Geffner, Justin Domke. Advances in Neural Information Processing 
Systems 34 (2021).
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